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Abstract

We consider the time-dependent one-dimensional nonlinear Schrodinger
equation with a pointwise singular potential. We prove that if the strength of the
nonlinear term is small enough, then the solution is well defined for any time,
regardless of the choice of initial data; in contrast, if the nonlinearity power is
larger than a critical value, for some initial data a blow-up phenomenon occurs
in finite time. In particular, if the system is initially prepared in the ground
state of the linear part of the Hamiltonian, then we obtain an explicit condition
on the parameters for the occurrence of the blow-up.

PACS numbers: 03.65.Db, 03.75.—b, 02.30.Jr, 05.45.Yv
Mathematics Subject Classification: 35Q55, 35B40, 81Q05

1. Introduction

In this paper, we study the dynamics of a one-dimensional quantum particle subject to a linear
point interaction and to a nonlinearity of the power type. The time evolution of the system is
then ruled by the time-dependent nonlinear Schrédinger (NLS) equation

SO A A SR .| .\ 7 (1)
Y () 1=ty = Yo (x) at 0x

where Y is a square integrable function on the real line and V = V (||, x) is a nonlinear
potential. In particular, we restrict ourselves to the case

VY = yydo + ply |y, w=0, vy, peR, 2)

where § is the Dirac’s delta pointwise interaction at x = 0.

0305-4470/05/398379+14$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 8379


http://dx.doi.org/10.1088/0305-4470/38/39/006
mailto:Adami@mat.uniroma1.it
mailto:Sacchetti@unimore.it
http://stacks.iop.org/JPhysA/38/8379

8380 R Adami and A Sacchetti

First introduced to describe the propagation of laser beams (see, e.g., [18]), NLS equations
have revealed themselves to be a quite flexible and far reaching tool. In particular, the
one-dimensional NLS with cubic nonlinearity (namely u = 1) is currently used to model
the dynamics of quasi one-dimensional Bose—FEinstein condensates (see, e.g., [15, 13]) and
the propagation of laser pulses in nonlinear media. In addition, it is worth mentioning that the
case u = 1/2 is also significant, at least in experiments (see, e.g., [12]).

On the other hand, Dirac’s delta potentials provide a general and idealized model for
short-range interactions. Introduced by Fermi in three dimensions in order to investigate the
scattering of slow neutrons by atoms ([10]), such potentials were later recognized to provide
the simplest example of exactly solvable quantum models and have been widely employed in
toy models.

The model (1)—(2) was introduced by Witthaut, Mossmann and Korsch [19] in order to
describe at a phenomenological level the effect of short-range obstacles in models of nonlinear
transport. The main topics of such investigation were the properties of the stationary states. Our
contribution is complementary to their results, and focuses on well-posedness, conservation
laws, and study of the blow-up phenomenon.

The spirit of this paper is the same of [1], where the authors introduced a one-dimensional
model with nonlinear point interactions and investigated the related blow-up phenomenon, and
of [2, 3], where the results were extended to a three-dimensional setting. On the other hand,
it is worth recalling that the dynamics of a quantum particle under the action of a quadratic
potential (attractive or repulsive) has been extensively studied in a series of works by Carles
(see, e.g., [6, 7]) with peculiar care on the effects of the external potential to the occurrence of
blow-up and to the blow-up time. In this respect our investigation permits us to say that, if the
nonlinear term is attractive, the nonlinearity power is greater than 4, its strength is greater than
or equal to a critical value, and the energy is negative, then a linear point interaction cannot
prevent the blow-up.

The basic observation is that the time propagator of the free Laplacian with a delta
interaction restricted to the space associated with its absolutely continuous spectrum satisfies
some dispersive estimates and consequently some inequality of the Strichartz’s type.
Moreover, the energy space associated with a delta potential coincides with H'(R). Let
us stress that this last feature fails in the three-dimensional setting, due to the emergence of a
singularity of type 1/|x|, and this prevents us from extending our model to three dimensions
in a trivial way.

The paper is organized as follows. In section 2 we introduce the model, in section 3 we
prove the well-posedness of the problem in the energy space and show the conservation laws of
the L2-norm and of the energy. Section 4 is devoted to the study of the blow-up phenomenon,
and finally section 5 contains some concluding remarks.

We quoted some formal computations also, in order to exhibit the simple structure of
some results that would risk to remain hidden by the technicalities of the rigorous proofs, and
to show that to some extent the delta potential is well behaved, at least when supported on
manifolds of codimension 1.

Concerning notation, we shall write || - ||, for the norm in the space L”(R). In the case
p = 2 the index in the symbol of the norm will be omitted.

2. NLS equation with a pointwise interaction

Consider the problem defined in (1), (2). It is well known (see, e.g., [S]) that when the
nonlinear term is absent, that is, p = 0, the operator



Diffusion—blow-up transition 8381

H, = —y"+yyd
is self-adjoint on the domain H?(R\{0}) with boundary conditions

v(0+0)=v(0-0) 3)
and

Y'(x+0) —¢'(x —0) = yy(0+0). “)
Namely

D(H,) ={y € H*(R\{0}) : ¥ satisfies (3) and (4)}.

Remark 1. Note that, due to (3), the function y € D(H,, ) is continuousinx = 0 and therefore
D(H, ) is a subspace of H I(R). Thus, in the following we denote by ¥ (0) the limit (3).

Let us recall some basic properties of the spectrum of H,,. For details see [5, 4].
The essential spectrum of H, is purely absolutely continuous and coincides with the
positive real axis:

Uess(Hy) = Uac(Hy) = [0, +00).
Moreover,

o If ¥ > 0 then the discrete spectrum of H, is empty;
o If y < 0 then the discrete spectrum of H,, is given by just one simple eigenvalue

A= —}1)/2

with the associated normalized eigenvector

¢y (x) = \/E;e—WHXI/Z.

In addition, we shall make use of the explicit expression of the time evolution generated
by H,, that is, an integral operator whose kernel reads [17, 4]

=L [ due U u+ |x| + 1y, y=>0

Uy (x, ) =Ujx =») +10 e
2
519y (0, () + 5 77 duet U — x| =1y ¥ <0

where U is the integral kernel associated with the free Laplacian, namely
1 Ik
Uj(f) = ——ex (——, .
0 A P\ i
3. Local existence and conservation laws

Theorem 1. Ifthe initial data vy belong to H' (R) then the Cauchy problem (1) with potential
(2) admits a unique local solution

¥ € H = C((=Tmin> Tmax), H' (R)) N C'((—Trmin> Tmax), H ' (R))

for some Tyin, Tmax > 0, satisfying the boundary conditions (3) and (4) for almost all t.
Furthermore, the following conservation laws hold:

e Conservation of the norm

Nl = Nol = lIvoll-
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e Conservation of the energy

EYi] = Eilyn] + ﬁuw,niﬁﬁ, Einl¥] = V17 + v 1Y (O). 6)

Proof. We split the proof of the theorem in three steps.

Strichartz-type estimate. As a first step, we remark that the Cauchy problem (1) is equivalent
to the Duhamel formula

t
Ve =e "y —ip / e Ty P ds (7
0
and that the evolution operator can be written as
5,2 _i .
efiH,tw _ ely' [/4“0» ¢y>¢y +e lHVtPcw if y<0
e I Py if y>0

where P. is the orthogonal projection in L2(R) onto the subspace orthogonal to @y
We are now ready to prove the basic dispersive estimate.

Lemma 1. For any ¢ € L'(R) the following estimate holds:
le™ ™ Peplloo < (x)™lg]l1. ®)

Proof. From expression (5) of the time evolution generated by H, we have that the operator
e P is represented by the integral kernel

—iH,1 ' lyl [+ P2
[e™™ Pe](x. y) = Up(x —y) = — due™ > "Up(u £ |x| £ |y])
0
where the ‘+’ signs hold if y > 0 and the ‘—’ signs hold if y < 0.
Then, given ¢ € L'(R) we conclude that

lx—y|
exp ( T )
—F—p(y)d
R A4mit PRIy

Ile™ " P.gl(x)| <

+00 L ex (uimi\ﬂ)z
+m /dy/ due—%u p( 4ft )(p(y)
2 |Jr 0 4rrit
< ——llglly + 2L f| (I /me—'%“d
X (2 @y)lay u
VAt l 4/t Jr 0
1
< ——llolh.
ﬁ||¢||1 .

Remark 2. Estimate (8) together with the obvious inequality
le™ ™ Pegll < gl
and the Riesz—Thorin interpolation theorem, yields
» —d(i-1
le ™ Pegll, < )™ gl ©)

where % + - =1land 2 < p < oo. Moreover, (9) gives the following Strichartz-type

1
Pl
inequality: for any pair (g, r) withr > 2 and g = r4_—rz, ¢ € L>(R) and T > 0 there exists a
positive constant C such that

le ' Pog|l Laq—r.1). -y < Cll@ll. (10)
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Indeed, from the spectral resolution outlined in section 2, we know that H,, is a self-adjoint
operator bounded from below (see, e.g., [5, 16] for details). Then theorem 2.7.1 in [8] applies
and yields (10).

Local existence and uniqueness. Let us define
H, if y>0
K, = 2
"7\ H,+ VT if <0

Clearly, K,, > 0.
We prove the local existence and uniqueness for the solution to the equation

t
Y =e "y —ip / e [y [Py ds
0

from which local existence and uniqueness for the solution to equation (7) immediately follow.
Uniqueness is guaranteed by the Strichartz-type estimate (10), as one can check following, for
instance, the proof of proposition 4.2.1 in [8]. On the other hand, in order to prove existence
we apply theorem 3.7.1 in [8] (see also sections 3.7 and 4.12 in the same reference), and
therefore we just have to prove the following lemma.

Lemma 2. The self-adjoint operator K, satisfies the following conditions:
(i) Xk <> LP,forany p € [2, +00], where X g is the closure of the domain D(K,) = D(H,,)
with respect to the norm induced by
1> + lue|? + y [ (0)[? if v=20

lullk = 2 .
K = )2 + 1+VZ > +yu@©pP i y<o.

(ii) The resolvent
[1—€eK,]7": LP(R) - L’ (R)
is continuous for any € < 0 and any p € [2, +o0] and fulfils
I — €Ky 1™ ull, < Clull, (11)

for some C independent of € < 0.

Proof. Condition (i) immediately follows from estimate (A.1)

O < ull < Il - llull,  Vue DKy).
Indeed, such estimate implies the equivalence of the norm || - ||, and the ordinary norm in
H'(R); hence, Xx = H'(R) — L?(R) for any p € [2, +oc]. Condition (ii) follows by a
direct computation, making use of the fact that the resolvent operator [H, — ¢]™" is an integral
operator

(i, — 1 'o)0 = [ Gyibemidy, £ =k, mk>0,
R
with kernel (see, e.g., [5])
i 1 % .
k) = — elkb—yl 4 — ik(lx|+yD
G i) = e vk
To prove (11) we define
el if y>0

i=1 y_2 ¢ <0,
4

el — if y<0’
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and
. 0 if y>0
k=t =i, A>1 Y it <0
2
Then
i
(1 — €Ky 17 '¢)(x) = — '([H, — ] ') (x) = —¢ / e e dy +
R
1 y .
_ el _ ik(|x|+yD) dv=1+11
2Ky + 2k ¢ P dy
where
1
[ =—— | ekl d
ZM/R () dy
1 e ,
I=— Y / e g (y) dy
20 y +21 Jr
Thus
L e,y / _a
1|, = — 2 e lg(y)d
211, el e2 e ¢ (y)dy
2!/p vl
< o5 1 ey
2000/ plip|e| |y + 2|
2!/p P
< le ™1 1l
2)\(1+p)/pp1/p|6| ly + 2|
21/ vl [ 27"
< ol
200+0)/P pl/P €| |y + 2A| [ Ap/ P
ly| 1
< Ty 3 1l
plrp P A% elly + 24|
where L + L = 1 and
p P
ly +21] >y if y>0
2 = 4+ |e|y?
Aelly +24) ely o g
¥ IVIEIVA + [ely? + [y [V]€]] 4 8
Hence
8
”II||p<CII||¢||p’ CIIZW

The integral term /, corresponding to the free Laplacian, is similarly treated,
&1 % 9l < sl Il < 5
21 |€] P00 e P 02e)

where A%|e| > 1 for any e. O

(FAPIS

ol

Conservation laws. Following 3.7.1 in [8], conservation of the L?-norm and of the energy
(6) follow from points (i) and (ii), so the proof is complete. O

Remark 3. Ourresult on conservation laws can be formally extended to the case of a nonlinear
pointwise interaction (see, e.g., [1]) with potential

Vol = v [Y 17980 + plyr .
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In such a case the energy is defined as
Sl =lyI? + —||w||§f::§ — I OP (12)

Since a formal proof of conservation of the norm is fairly easy, we deal with conservation of
the energy only. Let ¢ be regular enough, then (for the sake of simplicity let us denote v,

by ¥)

dlly’|? _9R / N [/ . ]

=2Re | ¥ () dx =2Reli [ ¥ (i) dx
dr R R
=2Re [i/Rl/Y’[—W + oY Py + y|w|2"80w]dx]
= —2pIm [/Rlﬁ”lllflz”’ﬁdx]—ZVIm[/R%l_f”I/fII/IIZ(VSodX]
and
E p 2u+2\ _ P / i +1\ 7 ptl
dt(,u+1 )_2,u+1ReR(dth )WL d

=2pRe [—i/ wﬂxp”*l(ilp)dx]
R
=2p Im[/]R [ [ (=g + pl Y P52 + y [¥ 27+ 80) dx]

=-2p Im/ WPy de = 2p Im/ W Py g dx
R R

d 2(r+2 o+l d o+l
L o) = g [l ()l

— 2yIm [ / Solr 25" dx]

d&,

and similarly

Collecting all these facts we finally obtain that
again the conservation of the energy (6).

= 0. In particular, for o = 0, we obtain

Remark 4. As in the linear case, the continuity equation is

|y |* + 8 [2Im ¥, 0, ] = 0. (13)

The proof is elementary. From (13) one can give another proof of the conservation of the
L?-norm.

4. Analysis of the blow-up

The phenomenon of the blow-up has been investigated extensively in the case of the standard
nonlinear Schrddinger equation.The most advanced results on this topic are due to Merle and
Raphael ([14]).

In our problem the definition of blow-up is the same as in the standard case.

Definition 1. Let v € C((—Tmin, Tmax), H' R) NC'((—Tmin, Timax), H ' (R)) be the unique
maximal solution of the Cauchy problem (1) with a nonlinear potential V like in (2) and initial
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data o € H'(R). We call v a blow-up solution and say that yr blows up in finite time if there
exists a finite T, such that

lim ”wt”Hl = +0Q.
t—T,

If T, > 0 then we say that \r blows up forwards in time, if T, < 0 then we say that it blows up
backwards in time.

Remark 5. As in the standard case, we have a blow-up alternative, namely, either the solution
is global in time, or it blows up in finite time. This can be proven following theorem 3.3.9,
step 2 in [8]. As a consequence, if ¢ blows up forwards (backwards) in time, then
Tt - Tmax(Tmin)-

We follow the method of Glassey [11], based on the computation of the moment of inertia
of the solution. To this end, let us define the set
K=H'®N{yeL’®) :xy € LR®}N{Y e L>®R):[ly] =1}

The result we prove reads as follows.

Theorem 2. Let iy € H'(R) be the initial data for the Cauchy problem (1) with a nonlinear
potential V like in (2). Let ¥ € (—Tin, Tmax) be the solution to such problem. We define the
variance 1(t) (also called moment of inertia) of the solution \r as follows:

I=10)= f P @Rdy,  f e (=Tom Tnay)-
R
Then, I € CZ(—Tmm, Tmax) and
i= 4Im/ XY ()% (x) dox, veH (14)
R
- n—=2 242 2
I = 881y +ap Bl — 4y 1 OF. (15)

Proof.  In order to prove that xi/, € L*(R) and equality (14), standard regularization
arguments apply. In particular, we set

() = 1() + I(1)
where € > 0, R+ = (O’ +OO), R_ = (—OO, 0)’ 96 ()C) — efexz and

I°(t) = / X260 (X) Y (%)) dx, L(t) = f O (x)x % (x)]* dx.
R R,

Hereafter, for the sake of simplicity, let us drop out the explicit dependence on ¢ where this
does not cause misunderstanding. By standard computations one finds that

ii=2Re/ O ()x* Y dx =2Im | 6. () x*[—y" + p|y [ Y1 dx

R,
=—2Im / X260, ()" dx
R,
= ZIm/ O (X)x> Y'Y’ dx +4Im/ O (xX)x ' dx +2Im/ 2ex30. ()Y’ J dx
Ry R, R,

=4Im | 6. (x)xy'¥dx —4Im | ex0.(x)y' ¢ dx.
R, R,
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Since a similar result holds for 7€ , we can conclude that

€ =4J¢ — 4Im/ €x30. ()Y dx, J¢ = Im/ O (xX)x ' dx.
R R

Therefore, for any fixed ¢ the variance I, is bounded as a function of € > 0 (for details see the
proof of lemma 6.5.2 in [8]). Hence xv, € L*(R) and the limit ¢ — 0 gives (14). Now, in
order to prove that I € C? and the validity of formula (15) let us write again

Je=Ji+JE
where, for any fixed ¢,

Je=—Im [ ¥[20.x0 + (B +x0)1dx = FS(W", ¥, %)
Re (16)

FE@W" ¥’ 9) = —RG/R W = pIY P Y)[20:x V" + (O +x6)) ] dx.

We have defined F as functionals on D(H,, ), but they can be extended to the whole space
H'(R). Indeed, for any function u € H 2(R) satisfying the boundary conditions (3) and (4),
an integration by parts gives

FE' o' u)+ FE W u',u) = G/, u) + y |u(0) (17)

where the right-hand side is well defined for any u € H'(R). To see that, let us further
integrate by parts and obtain

W Ox dx = — [ Y0 dx - / WP 6o dx.
Ry R,

R+
Therefore,
Re[ Y20 . x9’ dx] = lRe [—/ |1ﬂ'|2(29€x)'dx] . (18)
R, 2 R,
Furthermore,
/ A +x9€’)1/_/ dx = =y (0+0)¥(0+0) — / ¥ [(6, +x9§)1/_/]’dx. (19)
R, R,

Collecting (16), (18) and (19) we can conclude that
F$ = +Re[y/'(0+ 0)y (0 £ 0)] + G

1
G = _/ [/ |2(26.x)" dx +Re|:
Ry

> Y10 +x0)VT dX]

Ry

+Re/ oW P Y20 x9" + (6, +x60)¢]dx
Ry

and formula (17) follows since G = G¢ + G¢.. Thus, by means of a continuity argument we
obtain that

JE =G W, ¥) + v 1Y (0)

is well defined since ¥, € H'(R) for any ¢. Applying the dominate convergence theorem we
compute the limit € — 0 and conclude the proof.
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Such a technical procedure justifies the following formal computation, too,

j= 41m/[xw%z +xy Pl dx = 4Im/[xw’£ﬁ — g — xyP ] dx
R R

:Mm/xwﬁdx—um<4/}¢¢m>
R R
=—8Re/xw/fh”dx+8Re/.xw/\_/xﬁdx+4Re/(H1//){hdx
R R R
=4Re/ |1p/|2dx+4Re/x(1p”1ﬁ/—Wlﬁ“)dx+8Re/x¢/V1ﬁdx+4Re/(H¢)1ﬁdx
R R R R
=4f |1//'|2dx+8Re/xl/f’Vtﬁdx+4R6f(H1ﬂ)1ﬁdx
R R R
=8/ |1ﬂ/|2dx+4/ zﬁvwdx+8Re/x¢’\71/}dx
R R R
where Hyr = —y” + V4, the potential V being given by (2). Hence
i:s/ |1/f/|2dx+8pRe/x1/f’17f|1/f|2”dx+4p/ |w|2"+2dx+4y/ [ 280 dx
R R R R
0 +
=38 [s[w] ~ mnwn%ﬁté - y|w<0>|2}
17 21 2u+2 2
+8/>Re/xlﬂ VY™ dx +4pllv iy, +4vIv(0)]
R
p—1 o ) 4p 242
= 8&[v] +4pmlllﬁllzﬁ+2 — 4yl ) — mlllﬂlzﬁu

m—=2 o P
= 8&[y] +4Pm||lﬂ||zﬁ+2 — 4y [y (0)]

since

2u+ 1>Re/ XY PP dx = =Y. -
R

Now, we are ready to carry out the analysis of the blow-up for the NLS equation with
potential (2).

Theorem 3. Let v, be the solution of the Cauchy problem (1), (2), with initial data o € K.
If one of the following conditions,

(i) p =0,
(ii) p <O0and u < 2,
(iii) —% < p < 0and u =2, where C is the positive constant appearing in estimate (A.2),
(iv) p1 < p <0, for some p; < 0 depending on o, and i > 2, is satisfied, then there is no
blow-up and the solution \r exists globally in time.
In contrast, if

v) E[Yol <0, p < py for some p, < 0,and u > 2,

then the solution ¥ blows up in finite time.

Proof. Let C denote any positive constant and, for the sake of simplicity, let us drop in
notation the explicit dependence on ¢ (that is, let us write i instead of v, I instead of 1(z),
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and so on). From the conservation laws of the energy and of the norm and from inequality
(A.1) it follows that

Elvol = I1¥/I7 +y 1Y (0)* + s
m2 2 P 2u+2
> WP = I OF + =1
P
> 1Y I1P = Iyl ls, + —||w||§ZI§ (20)
S | A —||wn§f:i§

2u+2

(IW = —I)/I) - lV

from which, if p > 0, it immediately follows that
¥l < C, V>0,
and then (i) is proved. On the other hand, if p < 0 then inequality (20) takes the form

Elvol = W17 = Iyl 1%, - ﬂ||1ﬁ||§ﬁﬁ§

> ||W’||Z—|J/|||W’||—C%||W||“ 2

where we make use of inequality (A.2). Therefore ||y'|| < C,V t > 0, provided that u < 2,
so (ii) is proven. For i = 2 the above inequality gives

1.
ElYol = (1 - §C|p|> (AR

Since in case (iii) 1 — lC lp] > 0, hence ||¥/|| < C,V ¢ > 0. In order to consider case (iv), in
which u > 2, we remark that (21) can be written as

Ipl

Copi?s  i=lvleR, u=2

EWol > 27 —lylz —

Let S be the set of solutions of such inequality. If p is small enough then there exists ¢, C,
0 < ¢1 < ¢z, such that || Y¥/|| < ¢y and S N [cy, c2] = @. Hence, ||¥'|| < ¢1, Y ¢ > 0, proving
(iv). Finally, in order to consider case (v), we set

=W n=IviG.  t=1vO)P

then the energy and the second derivative of the variance take the form

_ o

5[¢]—€+M+1n+y§~ (22)

.. w—2

I =8E[Y]+4p——n —4y¢. (23)
n+1

If y > 0, then at any time I < 8&[yy] < 0. Following (11), blow up is proven. Conversely,
if y < 0, then from equation (22) it follows that

=&yl —-§&—vye.

u+1
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Plugging this equation into (23) and using inequality (A.1) we obtain

.. w—2
I =88[Y]+4p——n—4y¢

u+1
=8E[Y]+4(n — D[E[Y] —§ —yLl—4y¢
= —4(n —2)§ +4ullyl+4(0 — wy¢

< —4(u — 2% +4pElY ]+ 401 — Wy VE.
Now, setting
a=4pun—-2) >0, b=41-pn)y >0
and
c=—4u&[Y] >0 since E[Y] <0
then we obtain the inequality
I < —at+bJE—c.
Hence, if a, b and c satisfy
b* < 4ac (24)
then there exists C > 0 such that
I <—-C, Vt>0.
Condition (24) implies blow-up; that is, if & > 2, ¥ € R and p > 0 are such that
(=17 _ €]

(25)

4 —2) y?
then we have blow-up in finite time. In particular, from (6) we have blow-up if |p| is large
enough. ]

5. Concluding remarks

Remark 6. From theorem 3 it follows that no blow-up can occur for the physically most
important cases y = % and u = 1. Furthermore, we emphasize that, as for the free model
(i.e., y = 0), blow-up could occur only in the critical (u = 2) and hyper-critical (© > 2)

cases and for attractive nonlinearity large enough.

Remark 7. In the case y < 0, the results (iv) and (v) discussed in theorem 3 can be
investigated in more detail when the initial data vy coincide with the ground state ¢, for the
Hamiltonian H,,, namely

PYolx) = \/hz/jely-lx/z cK

with associated eigenvalues

EinlWol = —17?
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An explicit computation gives

1 n

P+ 1)
2 2 2
10) = [ o) ax =
R Y

1) = 4Im/ xPo(x) Yo (x)dx =0
R

mly |*
2 (e + 1)
Then, inequality (25) implies that if the parameters i > 2 and p < O satisfy the following
condition,

10) = —4p|

=1 1 y1"?
T < Pl
=2 "4 T

then the solution v blows up in finite time.

Remark 8. By means of the same ideas it is possible to consider the occurrence of blow-up
phenomena for the case with nonlinear pointwise interaction; that is, with Hamiltonian

Hy=—y"+Vy, Vg =ylyPydo+olyly, v, u>0. y. peR
If we assume existence and uniqueness for the solution ¥, to the associated Cauchy problem,
then the conservation laws of L?-norm and energy (12) imply that there is no blow-up provided
that one the following conditions is satisfied:

y,0 = 0;

y>0andp <Oand u < 2;

p=>0andy <Oandv < 1;

y,p<0andv < land u < 2.

Indeed, in such cases inequality (20) takes the form
EWY 2 W17 = vy 1™ = Co-lly1"
where
Y- = max(0, —y), p— = max(0, —p),
and an a priori estimate for the norm ||v/'| follows. In contrast, the same arguments of
theorem 2 give that the formal derivation of the second derivative of the variance reads
N M—z 2u+2 v—1 2042
I =8&[Y]+4p—— +4y——I¥ (0 .
W1+ 40 IV 50 + 4y 1 O)
Hence, blow-up occurs when £[¢] < 0, u > 2,and v > 1.
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Appendix. Inequalities

We recall the following inequalities. Let ¢ € L>(R) N H'(R), then
1115, < Il Il (A.D)
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If € L2(RY) N HY(RY),
Iy 5255 < CUVY Iy 22 (A2)
for some positive constant C = C(x, d), where
[0, +o0] if d=1
x € 110, +o0) if d=2
[0,2/(d —2)) if d>?2

and C = 472 ford = 1.
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